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[CJKLS, CEGS] $F_{q}$ $x$
$H_{Q}^{3}(X;F_{q})$ 3-




$F_{q}$ $\omega\in F_{q}\backslash \{0\}$











$G_{X}$ ( Clauwens[Cla] ). $X=F_{q}$
$X=F_{q}$ $(Z_{p})^{h}$
$\omega\in F_{q}\backslash \{0,1\}$
$G_{X}:=(Z_{p})^{h}\cross(((Z_{p})^{h}\otimes_{Z}(Z_{p})^{h})/(x\otimes y-\omega y\otimes x)_{x,y\in F_{q}})$ (1)
$(a, \alpha)\cdot(b, \beta):=(a+b, a\otimes b+\alpha+\beta)$
*1. $G_{X}$ $(Z_{p})^{h}$ :
$0arrow(Z_{p})^{h}\otimes z(Z_{p})^{h}/(x\otimes y-\omega y\otimes x)_{x,y\in F_{q}}arrow G_{X}arrow(Z_{p})^{h}arrow 0$ (exact).
$*1(1)$ $G_{X}$ 2 2 $H_{2}^{Q}(X;Z)$
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$Z$ $G_{X}$ : $n\in Z,$ $(a, \alpha)\in G_{X}$ $n\cdot(a, \alpha)=(\omega^{n}a, \alpha)$
$G_{X}$
$G_{X}$ Dijkgraaf-Witten [DW]
$K\subset S^{3}$ $M_{K}^{q-1}$ $K$ $S^{3}$ $(q-1)$- (
[Kaw, ] ). 3 $M_{K}^{q-1}$ $Z$
$G_{X}$ 3 $\theta\in H_{gr}^{3}(G_{X};A)$ :
$DW_{\theta}^{Z}(M_{K}^{q-1}):=\sum_{1f\in Hom_{gr}^{Z}(\pi(M_{K}^{q-1}),G_{X})}\langle f^{*}(\theta),$
$[M_{K}^{q-1}]\}\in Z[A]$ . (2)
Dijkgraaf-Witten $Z$ $[M_{K}^{q-1}]$ $\in$
$H_{3}(M_{K}^{q-1};Z)$ $Hom_{gr}^{Z}(\pi_{1}(M_{K}^{q-1}), G_{X})$ $\mathbb{Z}$- ” $\pi_{1}(M_{K}^{q-1})arrow$
$G_{X}$
1.2 : $=Z$ Dijkgraaf-Witten
[Moc] $H_{Q}^{3}(X;F_{q})$ $G_{X}$
$K\subset S^{3}$
$\Phi_{\phi}(K)$ ( ), :
LL $(F_{q}, *_{\omega})$ 3 $\phi\in H_{Q}^{3}(X;F_{q})$
( 2 63) 3 $\theta_{\phi}\in$
$H_{gr}^{3}(G_{X};F_{q})$ $K\subset S^{3}$ :
$\Phi_{\phi}(K)=q\cdot DW_{\theta_{\phi}}^{Z}(M_{K}^{q-1})\in Z[F_{q}]$ .




















1.1 $\ovalbox{\tt\small REJECT} f,$ $q=p$ $\omega=-1$ [Kab]
1.1 [Kab]
2 $H_{2}^{Q}(X;Z)$
( $G_{X}$ $(Z_{p})^{h}$ ).









([N2]). 2 $(F_{q}, *_{\omega})$
2 3
$H_{n}^{Q}(X;Z)$ $q=p^{h}$ [N3,













3 ( 6.1 ). A
1.1 DW
Z












$X$ $*:X\cross Xarrow X$
(Ql) $x\in X$ $x*x=x$ .
(Q2) $x,$ $z\in X$ $y\in X$ $x*y=z$ .
(Q3) $x,$ $y,$ $z\in X$ : $(x*y)*z=(x*z)*(y*z)$ .
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3.1. $F_{q}$ $\omega$ $\omega\neq 0,1$ . $X$ $F_{q}$
$x*_{\omega}y:=\omega(x-y)+y$
32. $G_{X}$ (1). $*_{\omega}\sim$





$\partial_{n}^{R}(x_{1}, \ldots, x_{n})=\sum_{1\leq i\leq n}(-1)^{i}((x_{1}*x_{i}, \ldots, x_{i-1}*x_{i}, x_{i+1}, \ldots, x_{n})-(x_{1}, \ldots, x_{i-1}, x_{i+1}, \ldots, x_{n}))$
.
$(C_{*}^{R}(X), \partial_{*}^{R})$ ( (Rack )[FRS]
).




$H_{n}^{Q}(X;Z)$ $X$ 3.1 $q=p$
[N3]. 2 3.1 2 $H_{2}^{Q}(X;Z)$
[Cla]:
$H_{2}^{Q}(X;Z)\cong((Z_{p})^{h}\otimes z(Z_{p})^{h})/(x\otimes y-\omega y\otimes x)_{x,y\in F_{q}}$,






(1) $G_{X}$ (see [Bro]).
$n$- $(\tilde{x}_{1}, \ldots,\tilde{x}_{n})\in(G_{X})^{n}$ $Z$ $C_{n}^{gr}(G_{X})$
$\partial_{n}^{gr}(\tilde{x}_{1}, \ldots,\tilde{x}_{n})\in C_{n-1}^{gr}(G_{X})$ :





32 $(X, *_{\omega}\sim)$ $\overline{X}$
$(U, \alpha)$ $C_{n}^{R_{U}}(\overline{X})$ $C_{n}^{R}(\overline{X})$
$(U_{1}, \alpha_{1}, \ldots, U_{n}, \alpha_{n})\in C_{n}^{R_{U}}(\overline{X})$ $\partial_{n}^{R_{U}}(U_{1}, \alpha_{1}, \ldots, U_{n}, \alpha_{n})\in$
$C_{n-1}^{R_{U}}(\tilde{X})$ :
$\sum_{1\leq i\leq n-1}(-1)^{i}((U_{1}, \alpha_{1}, \ldots, U_{i-1}, \alpha_{i-1}, U_{i}+U_{i+1}, U_{i}\otimes U_{i+1}+\alpha_{i}+\alpha_{i+1}, U_{i+2}, \alpha_{i+2}, \ldots, U_{n}, \alpha_{n})$





$(C_{*}^{R}(\overline{X}), \partial_{*}^{R})$ $(C_{*}^{R_{U}}(\tilde{X}), \partial_{*}^{R_{U}})$ :
$(\tilde{X})^{n}arrow(\tilde{X})^{n}$ , $(\tilde{x}_{1}, \ldots,\tilde{x}_{n})\mapsto(\tilde{x}_{1}\tilde{x}_{2}^{-1}, \ldots,\tilde{x}_{n-1}\tilde{x}_{n}^{-1},\tilde{x}_{n})$ .
$X=F_{q}$









$\mathcal{K}_{n}:=\{K_{n}:=(k_{1}, \ldots, k_{n})\in Z^{n}|k_{n}=0,0\leq k_{j-1}-k_{j}\leq 1\}$ .
$\overline{\varphi}_{n}$ $(U_{1}, \alpha_{1}, \ldots, U_{n}, \alpha_{n})\in C_{n}^{R_{U}}(\overline{X})$
$\overline{\varphi}_{n}(U_{1}, \alpha_{1}, \ldots, U_{n}, \alpha_{n})$ :
$\sum_{k_{n}\in \mathcal{K}_{n}}(-1)^{k_{1}}(T^{k_{1}}U_{1}, \mathcal{A}_{1}, T^{k_{2}}U_{2}, \mathcal{A}_{2}, \ldots, T^{k_{n-1}}U_{n-1}, \mathcal{A}_{n-1}, U_{n}, 0)\in C_{n}^{gr}(G_{X})_{Z}$, (3)
$\mathcal{A}_{j}$ $\alpha_{j}-[U_{j}\otimes(U_{j+1}+\cdots+U_{n})]$
5.1 ([IK, 32]). $\overline{\varphi}_{*}$
$*2$ [IK]
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$n=3$ : $\tilde{\varphi}_{3}(a, \alpha, b, \beta, c, \gamma)$
$(a, \alpha-[a\otimes(b+c)], b, \beta-[b\otimes c], c, \gamma)-(\omega a, \alpha-[a\otimes(b+c)], b, \beta-[b\otimes c], c, \gamma)$
$-(\omega a, \alpha-[a\otimes(b+c)], \omega b, \beta-[b\otimes c], c, \gamma)+(\omega^{2}a, \alpha-[a\otimes(b+c)], \omega b, \beta-[b\otimes c], c, \gamma)$. $(4)$
$P_{\tilde{X}}$ : $C_{n}^{R}(\tilde{X};Z)arrow C_{n}^{R}(X;Z)$







52. $\theta$ $G_{X}$ $\sim$ 3 $\overline{\varphi}_{3}^{*}(\theta)$ $\overline{X}$ 3
$\theta(a, 0, b)=0$ a, b $\in G_{X}$ $*$3, $\tilde{\varphi}_{3}^{*}(\theta)$
$\overline{X}$ 3
$G_{X}$ 3 $\theta$
$\theta(b, c, \mathfrak{d})-\theta(ab, c, 0)+\theta(a, bc, 0)-\theta(\mathfrak{a}, b, c0)+\theta(\mathfrak{a}, b, c)=0$ ,
$\theta((\omega a, \alpha), (\omega b, \beta), (\omega c, \gamma))=\theta((a, \alpha), (b, \beta), (c, \gamma))$ ,












$F_{q}$ ([Moc, \S 22]):
$\chi(U_{j}, U_{j+1}):=\frac{(U_{j}+U_{j+1})^{p}-U_{j}^{p}-U_{j+1}^{p}}{p}=1\leq i\leq p-1\sum(-1)^{i-1}i^{-1}U_{j}^{p-i}U_{j+1}^{i}\in F_{q}[U_{j}, U_{j+1}]$
3 :
$F(a, b, c):=U_{1}^{a}\cdot U_{2}^{b}\cdot U_{3}^{c}$ ,
$E_{0}(a\cdot p, b):=(\chi(\omega U_{1}, U_{2})-\chi(U_{1}, U_{2}))^{a}\cdot U_{3}^{b}$ , $E_{1}(a, b\cdot p):=U_{1}^{a}\cdot(\chi(U_{2}, U_{3})-\chi(\omega^{-1}U_{2}, U_{3}))^{b}$ .
$(U_{1}, U_{2}, U_{3})\in X^{3}=F_{q}^{3}$ 3 $X^{3}$
$I_{q,\omega}^{+}$ :
$I_{q,\omega}^{+}:=\{E_{0}(p\cdot q_{1}, q_{2})|\omega^{p\cdot q_{1}+q_{2}}=1, q_{1}<q_{2}\}\cup\{E_{1}(q_{1}, q_{2}\cdot p)|\omega^{q_{1}+p\cdot q_{2}}=1, q_{1}\leq q_{2}\}$
$\cup\{F(q_{1}, q_{2}, q_{3})|\omega^{q_{1}+q_{2}+q_{3}}=1, q_{1}<q_{2}<q_{3}\}$ . (5)
$q_{i}$ $p$ $0\leq q_{i}<q$ $I_{q,\omega}^{+}$
:
6.1 $([Moc])$ . $3$ $H_{Q}^{3}(X;F_{q})$ $*$4 :
$I_{q,\omega}^{+}\cup\{\Gamma(q_{1}, q_{2}, q_{3}, q_{4})|(q_{1}, q_{2}, q_{3}, q_{4})\in \mathcal{Q}_{q,\omega}\}\cup\{F(q_{1}, q_{2},0)|\omega^{q_{1}+q2}=1, q_{1}<q_{2}\}$ .
$q_{i}$ $p$ $0\leq q_{i}<q$
$\Gamma(q_{1}, q_{2}, q_{3}, q_{4})$ $\mathcal{Q}_{q,\omega}$ : $\mathcal{Q}_{q,\omega}$
quadruples $(q_{1}, q_{2}, q_{3}, q_{4})$ :
$\bullet$ $q_{2}\leq q_{3},$ $q_{1}<q_{3},$ $q_{2}<q_{4}$ , $\omega^{q_{1}+q_{3}}=\omega^{q_{2}+q_{4}}=1$ . $p=2$ $q_{2}\neq q_{3}$ .
$\bullet$ :Case 1 $\omega^{q_{1}+q2}=1$ .
Case 2 $\omega^{q1+q_{2}}\neq 1$ , and $q_{3}>q_{4}$ .
Case 3 $(p\neq 2),$ $\omega^{q_{1}+q_{2}}\neq 1$ , and $q_{3}=q_{4}$ .
Case 4 $(p\neq 2),$ $\omega^{q_{1}+q_{2}}\neq 1,$ $q_{2}\leq q_{1}<q_{3}<q_{4},$ $\omega^{q_{1}}=\omega^{q_{2}}$ .
Case 5 $(p=2),$ $\omega^{q_{1+}q_{2}}\neq 1,$ $q_{2}<q_{1}<q_{3}<q_{4},$ $\omega^{q_{1}}=\omega^{q_{2}}$ .
$(q_{1}, q_{2}, q_{3}, q_{4})\in \mathcal{Q}_{q,\omega}$ $\Gamma(q_{1}, q_{2}, q_{3}, q_{4})$
$*$ 5:
Case 1 $\Gamma(q_{1}, q_{2}, q_{3}, q_{4})$ $:=U_{1}^{q_{1}}U_{2}^{q2+q_{3}}U_{3}^{q_{4}}$ .
Case 2 $\Gamma(q_{1}, q_{2}, q_{3}, q_{4})$ $:=U_{1}^{q_{1}}U_{2}^{q2+q_{3}}U_{3}^{q_{4}}-U_{1}^{q2}U_{2}^{q_{1}+q4}U_{3}^{q_{3}}$
$-(\omega^{q2}-1)^{-1}(1-\omega^{q1+q2})(U_{1}^{q_{1}}U_{2}^{q_{2}}U_{3}^{q3+q_{4}}-U_{1}^{q1+q2}U_{2}^{q4}U_{3}^{q_{3}})$ .
$*4$ [Moc, 2.11] null-cohomologous minor
([N2, Remark 62] )
$*5$ Cases 3, 4, 5 [Moc] $\Gamma(q_{1}, q_{2}, q_{3}, q_{4})$
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Case 3 $\Gamma(q_{1}, q_{2}, q_{3}, q_{4}):=U_{1}^{q_{1}}U_{2}^{q_{3}+q_{4}}U_{3}^{q_{1}}$ .
Case 4 and Case 5 $\Gamma(q_{1}, q_{2}, q_{3}, q_{4}):=U_{1}^{q_{3}}U_{2}^{q_{1}+q_{2}}U_{3}^{q_{4}}$ .
6.2. Case 3 (resp. $4$ &5) $\Gamma$ Case 1 (1, 2, 3, 4) (1, 3, 4, 2)
$($ resp. (3, 1, 2, 4) )
63. 1.1 2









$q_{i}$ $p$ $0\leq q_{i}<q$
$\omega\in F_{q}$ $Z$ $F_{q}$ $H_{gr}^{3}(G;F_{q})^{Z}$
$\omega^{d}=1$ $d$
Bochstein
64 5 $\varphi_{3}$ : :
$\varphi_{3}^{*}(U_{1}^{q_{1}}U_{2}^{q_{2}}U_{3}^{q3})=(1-\omega^{q1})(1-\omega^{q_{1}+q_{2}})\cdot F(q_{1}, q_{2}, q_{3})$ ,
$\varphi_{3}^{*}(((U_{1}+U_{2})^{q_{1}}-U_{1}^{q_{1}}-U_{2}^{q_{1}})U_{3}^{q2}/p)=(1-\omega^{q2})\cdot E_{0}(q_{1}, q_{2})$,




65. $G$ $h$- $(Z_{p})^{h}$ $\varphi_{3}^{*}:H_{gr}^{3}(G;F_{q})^{Z}arrow H_{Q}^{3}(X;F_{q})$
$I_{q,\omega}^{+}$
6.1 $\Gamma(q_{1} , q_{2}, q_{3}, q_{4})$ $\tilde{\varphi}_{3}$ (
$G_{X}$ $\Gamma$ ).
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66. $q=(q_{1}, q_{2}, q_{3}, q_{4})\in \mathcal{Q}_{q,\omega}$ $G_{X}$ $Z$- 3
$\theta_{\Gamma}^{q}$ : $(G_{X})^{3}arrow F_{q}$ ( ):
$\tilde{\varphi}_{3}^{*}(\theta_{\Gamma}^{q})=P_{\tilde{X}}^{*}(\Gamma(q_{1}, q_{2}, q_{3}, q_{4}))\in C_{R}^{3}(\tilde{X};F_{q})$.
$q=(q_{1}, q_{2}, q_{3}, q_{4})\in \mathcal{Q}_{q,\omega}$ 3
$\theta_{\Gamma}^{q}$ : $(G_{X})^{3}arrow F_{q}$ $(G_{X})^{3}$
$(x, a\otimes b, y, c\otimes d, z, e\otimes f)\in(G_{X})^{3}$
Case 1 $\theta_{\Gamma}^{q}(x, a\otimes b, y, c\otimes d, z, e\otimes f)$ :
$(1-\omega)^{-q_{2}}(x^{q_{1}}y^{q_{2}+q_{3}}+x^{q_{1}+q_{3}}y^{q_{2}}-(1-\omega)^{-q_{2}}(\omega^{q_{2}}a^{q_{1}}b^{q_{2}}+a^{q_{2}}b^{q_{1}}-x^{q_{1}+q_{2}})y^{q_{3}}$
$+(1-\omega)^{-q_{1}}(a^{q_{1}}b^{q_{3}}+\omega^{q_{1}}a^{q_{3}}b^{q_{1}}-x^{q_{1}+q_{3}})y^{q_{2}})z^{q_{4}}\in F_{q}$ .
Case 2 { $\theta_{\Gamma}^{q}(x, a\otimes b, y, c\otimes d, z, e\otimes f)$ :
$(1-\omega)^{-q_{1}-q_{2}}(x^{q_{1}}(y^{q_{2}+q_{3}}z^{q_{4}}+y^{q_{2}}z^{q_{3}+q_{4}})-(x^{q_{1}+q_{2}}y^{q_{4}}+x^{q_{2}}y^{q_{1}+q4})z^{q_{3}}$
$+(1-\omega)^{-q_{3}}(x^{q1+q_{3}}-\omega^{q_{3}}a^{q_{1}}b^{q_{3}}-a^{q_{3}}b^{q_{1}})y^{q_{2}}z^{q_{4}}-(1-\omega)^{-q4}(x^{q2+q_{4}}-\omega^{q_{4}}a^{q_{2}}b^{q_{4}}-a^{q_{4}}b^{q_{2}})y^{q_{1}}z^{q_{3}})\in F_{q}$.
Case 3 (resp. 4 and 5), Case 1 $\theta_{\Gamma}^{q}$ (1, 2, 3, 4) (1, 3, 4, 2)
(resp. (3, 1, 2, 4) ) ( 62 ).
$\theta_{\Gamma}^{q}$




$H_{gr}^{3}((Z_{p}$$)^{h};F_{q})^{Z}arrow^{\varphi_{3}\sim}{\rm Im}(\varphi_{3})=span_{F_{q}}\{E_{0}, E_{1}, F\}\subset H_{Q}^{3}(X;F_{q})$
( 1.1 ) 64 66 3 $\phi$ $G_{X}$ 3
$\theta_{\phi}$ $\overline{\varphi}_{3}^{*}(\theta_{\phi})=(P_{\overline{X}})^{*}(\phi)$
$M_{K}^{q-1}$ 3 3
([Kab, \S 3,4] ). $[M_{K}^{q-1}]\in H_{3}(M_{K}^{q-1};Z)$
$\phi$ “X-
’ ( A ).









$f^{q_{i}}$ : $G_{X}arrow F_{q}$ $(x, \alpha)\mapsto x^{q_{i}}$ 1
1- $f,$ $g,$ $h$ $f\wedge g=g\wedge h=0\in H_{gr}^{2}(G_{X};F_{q})$
$<f,$ $g,$ $h>\in H_{gr}^{2}(G_{X};F_{q})$
6.8. $m\neq 2$ $(q_{1}, q_{2}, q_{3}, q_{4})\in \mathcal{Q}_{q,\omega}$ \S 62 Case $m$
66 3 $\theta_{\Gamma}\in C_{gr}^{3}(G_{X};F_{q})$
$m=1$







$K\subset S^{3}$ $D\subset S^{2}$ (
$S^{1}+,$ $S^{2}$ ). $X$
$D$ X-
$C$ :{ $D$ } $arrow$ X $D$ 1
X- $C$ $D$ $\pi_{0}(S^{2}\backslash D)$ $X$
$\overline{C}$ : $\lambda,$ $\lambda’$ $\alpha$
( 1 ), $\tilde{C}(\lambda)*C(\alpha)=\tilde{C}(\lambda’)$
$D$ $\overline{Co1}_{X}(D)$
Colx $(D)$ $D_{1},$ $D_{2}$ ‘
” $\overline{Co1}_{X}(D_{1})rightarrow\overline{Co1}_{X}(D_{2})$
( [CJKLS, CEGS] ). [Ino]
$X$ $F_{q}$
$Co1_{X}(D)rightarrow(F_{q})^{2}\oplus\bigoplus_{i=1}F_{q}[T]/(T-\omega, \triangle_{i}(K)/\triangle_{i+1}(K))$, (7)








$S\in\overline{Co1}_{X}(D)$ 2 $\tau$ $\tau$
$\epsilon_{\tau}(x, y, z)\in C_{3}^{R}(X;Z)$ $\epsilon_{\tau}\in\{\pm 1\}$ $\tau$ ( $\tau$
(resp. ) $+1$ (resp. $-1$ ) ).
:
$[S]:= \sum_{\tau:\text{ }}\epsilon_{\tau}(x, y, z)\in C_{3}^{R}(X;Z)$ .
$C_{3}^{R}(X;Z)$ 3- 3-
$\phi\in C_{Q}^{3}(X;A)$ $\langle\phi,$ $[S]\}\in A$
$\phi\in C_{3}^{Q}(X)$
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